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Abstract After hundreds of yearsf stability study, the problems of flow kinematiage far from complete solving. A
modern theory appears in this field: the mixingotlye Its mathematical methods and techniques dpeelahe
significant relation between turbulence and chabe turbulence is an important feature of dynamtesms with few
freedom degrees, the so-called “far from equilibrislystems”. These are widespread between the moflelitable
media.

In [2] it was studied the efficiency of mixing fa periodic 2Dmodel, as function of time, from dete
standpoint. A useful conclusion was that more iorel values for the versors would give interestprgperties in
discrete time, comparing to 3D case [1]. On theotand, the graphic analysis realized in [3] imedl that in 2D case,
the mixing has also a nonlinear behavior and the egents can appear.

In this paper a computational analysis for 2D rfiedimixing model is started. Namely, the trajeidsiform is
analyzed for different values of the parameterthefCauchy-Green tensor. For the simulations thezaised specific
procedures and functions of Maple VI. The simulagiare used for further comparisons with basic 2idlehbehavior,

and also for experimental matches [6].
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1. Introduction

The turbulence mathematical term can be
defined as "chaotic behavior of far from
equilibrium systems, with very few freedom
degrees". In this area two important theories are
distinguished:
a) The transition theory from smooth laminar
flows to chaotic flows, characteristic to
turbulence.
b) Statistic studies of the complete turbulent
systems.

The statistical idea of flow is represented
by the map:

x=®(X), X = ®r=o(X) (1)

In the continuum mechanics the relation
(1) is namedlow, and it is a diffeomorphism of
class C*. Moreover, (1) must satisfy the

relation:
0%
J{0,J =det —— |,
o0 e{ax }

]
J =defD(®(x)))
whereD denotes the derivation with respect to

the reference configuration, in this caseThe
relation (2) implies two particlesX; and X,,

(2)

which occupy the same positiarat a moment.
Non-topological behavior (like break up, for
example)s not allowed.

With respect toX there is definedhe
basic measure of deformation, ttieformation
gradient, F, namely:

SO I

where Oy denotes differentiation with respect

to X. According to (3)F is non singular. The
basic measure for the deformation with respect
to x is thevelocity gradient [5].

After defining the basic deformation of a
material filament and the corresponding relation
for the area of an infinitesimal material surface
[1, 3], we can define the basic deformation
measures: thiength deformation A andsurface
deformation n, with the relations [1, 5]:

)\:(C:MM)l/z,r]z(detF)EﬁC_l:NN)U2 4)
with C (=F"-F) the Cauchy-Green deformation
tensor, and the vectorM, N are the orientation
versors in length and surface respectively. The
scalar form for (4), used in practice, is:
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M=CjM;N;, n?=(detF)C;"M;N;  (5)
with ZM.Z = 1, ¥N? = 1, the condition for the
Versors.

The deformation tensorF and the
associated tensoi§, C* represents the basic
guantities in the deformation analysis for the
infinitesimal elements.

Studying a mixing for a flow implies the
analysis of successive stretching and folding
phenomena for its particles, the influence of
parameters and initial conditions [5]. In the
previous works, the study of the 3D non-
periodic models exhibited a quite complicated
behavior [1]. In agreement with experiments,
they involved some significant events - the so-
called “rare events”. The variation of
parameters had a great influence on the length
and surface deformations. The 2D case was
simpler, but significant events can issue for
irrational values of the length and surface
versors, as was the situation in 3D case.

In this paper, a little modification of the
basic 2D model [1, 5] is taken into account. For
this modified model, the Cauchy-Green tensor
is calculated, and its variation for different
parameter values is studied.

2. Themodified 2D mixing model
Let us consider the modified 2D mixing
model:

= +
X =G +X% ©)
X.2 =K [G D(l + X
with —1<K <1, 0<G<1
Here is the time derivative. If we attach
the initial condition:

%(0)= X1,%(0) = X, (7
The Cauchy problem (6)+(7) has the
following calculated solution:

_&Ep KG? —V2+KG? _

2 KG

X; [ 2+KG?
x=| 2Lt 4 O
2 [E\/2+KGZ ] (8)

ex;{l—\/ 2+ KGZJt +

YERT IR
2 ({2+ka2 2
(1+ KGZ)B/2+ KG?
KG
exp(l+\/2+ KGZJt

xp=| X2 - Xig K6 |5
2 2 J2+KG?

exp(l—\/2+ KGZJH

\/ 2+KG?
@x;{1+ N2+ KGZJt
The deformation gradient (3) is found as:

2
—1EE 2+ KG —1]5 1,2+KG2-V2+KG?
2Wa+ke? ) 2 KG

exp{l—v 2+KG2 )t + Eaxp{l—\/2+ KG2 jt -

1[ 2+KG? ] 1 fg+|<<32)l/2+}<c52
2 2

e

V2+KG? KG
r{ . /72+KG j Edax;{1+\/2+ Kez)t
F= 9

_1g KGO

2 / 5

2+KG EI}xp(l—\/2+KGz)t+

p{ 2+KGZ) i
L 5(1—\/2“«;2)5
1g KC g,
2 J2+KG? exp{1+\/2+Kszt
exp(1+ A2+ KG? )t

The transposed matrixF™ follows
immediately, also with two exponentials on
each position, and thus, the Cauchy-Green

tensorC =F' [Fis in our case, the matrix

C= (011 Clzj (10)
C1 Co2
With the notation
KG?=y (11)

and taking into account thgk , fthe calculated
components are:

RECENT, Vol. 8, nr. 3b(21b), November, 2007 499



A Computational Approach of Turbulent Mixing. Thegjlectories Analysis

V2Ii+K)+(5-2K)y+6 plots were grouped as follows;; + c;; in a
C11= . coordinate syst + i th
4yK ystem, and,; + C; in another
ey coordinate system. For the first plot the color is
e;(p(l 2+V2)2t+ red, for the second, blue. The plots are as
y2+(K +2)y +(1+7K)y+2D (12.1) follows:
4K
exp(1+,/2+y)2t—
2 -
(K +2)y? +(K 3)y+6K+4®xd2t) TN 1J
2yK 0
2
11{-y?-y-2)af2+y-4y-4
Cr2=— ( oy ) Yoo 0 He+321
4 y(2+y)

exp(l—,/2+y)2t+ -1e+331
1[;(3v+6)El/2+v-2v3—2v2+3v+2}m

-1.5e+33

al vi2+v)
exp-1-y)+ (12.2)
_(— 2y? —3y—2)El/2Ty+2y3+6y2 Figure 3.1.1cy; andcy,
Llpr3v-2 0
A y(2+y)

1.28+311

exp(1+,/2+y)2t 184311
021=1EIAZ+V_—) UZW@XF{].— '2+V)2t Se+304

4 2+y
Be+30]
+1ﬁ(2+y+~/2+y)mxp(1+\/27y)2t (12.3)

4 2+y 4e+301

_% 2y B?XF(—]-—V)[ Ze+301 j

14 v ey N S BN A A

022:4[ﬁz\iy+1}@exp(l— 2+y)2(+ y t
igure 3.1.2¢,; andc,,

2

1[§y+(1+1/2+y)2:|®X[{1+1/2+y)2t (12.4)

4 2+y
_n2 .
+i[ﬁ2iy +2(1—J2+y)}®xp(—1—y)t e j
Y 24 .5 ‘s p 12 1
0
3. Results
3.1. Graphic analysis -1e+33]
In what follows we neglect the factor Va.
Three different -random- values where chosen -Ze+33
for the parametey:
3.1.y= 0.08 AesTa
3.2.y=0.25
3.3.y=0.85

For each case, the Cauchy-Green tensor Figure 3.2.1¢;, andc;,

was evaluated, from the trajectories analysis
standpoint. The Maple VI software was used,
for plotting the trajectories in discrete time. The
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Figure 3.2.2c,; andcy,

0
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0
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14

3.2. Remarks

Some remarks and further aims must be

noted:

it has been taken only positive valuesypf
for moment; negative values would
produce some symmetric plots;

the time scale were chosen 0 ... 15, since
otherwise abreakout of simulation were
noticed;

thus, it can be assessed that the plots are
not bounded, although continues, as
function of time;

the Cauchy-Green deformation tengan
produce rare events, for a larger simulation
time;

next target is to calculate the inver€s

of the deformation tensor, and to study the
deformations in length and surface [5],
from analytical and numeric standpoint;
thus a comparison with the basic model
would produce useful features.
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